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Year 1 Linear transformations - transformation of roots

1. The cubic equation
X =78 -12x+6=0

has roots a, £ and .

Without solving the equation, determine a cubic equation whose roots are (a + 2),
(8 +2) and (y + 2), giving your answer in the form w’ + pw’ + gw + r =0, where p, ¢
and r are integers to be found.
(5)
METHOD | : linear transformation substitution
remembering the substitution to use to get the transformed equation given
s :let w=x+2
solve for
) x=sd-2
and sub into the (to get equation i terms
of ‘w')
3
(w-2) -12(v-2) =0
-wusing BINOMIAL EXPANSION :
PASCAL'S TRIANGLE © (w-2)3 g
My = (w)343 (u2)(-2) + 3 (u)(=2)* +(-2)
2-3 \ 6ult l2u-8
- = 12(w-2)
==12u+24

Subbing iato above:
W3-6wiH12u-8 -Fu?428y-28-12u+2Y4+6
collect like terms
ud+(-6-Mu?+(12+28 -12)u—=6=0

S)ud-13u?24+28u-6=0

METHOD 2:usSing the transformed roots of polynomials formulae
(irst {or

Sxp
X.s‘?'x.z’lzx*G:O .édpi‘/qiz

N 0 O =
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Question 1 continued

aoN for l-ra«sformed _—

jﬁzfl“hr—o
2x=-P
2ap=14
XBY =T

Sk = A2 +p+2 +Y42

-p = +6

.-P = -l—‘

L E)-p= 13 . -1

T2 p —|3

Sap = (x+2)(p+2) s(x+2)(¥+2) #(p+2)(¥+2)

pran
Q TAB+2x #2B +H+ XY #2x 12X +Y4 +BY + 2B +2Y+H

p "i( )+ Sap 412

- q( ) +(—l2)+’2

=) = 2¢
o b =(ax+2)(p+2)(¥ +2)

= (B raar28+4)(¥42)

Y Y12«Y+2n +4Y¥ +2xB +yx +4 B +8
= ‘-t( )"'z-(iaﬂ)-l- +8
= 4(2)+2(12) +[ ©)+8

- —r— x> ———

= 2% -24-6+%
-r:e
=) r=-6

= subbing into transformed equation:
u3-13u*+28u-6=0

(Total for Question 1 is 5 marks)
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Year 2 Calculus - integration by compieting the square (formula book standard results) & finding mean value
m— Of functions

2. (a) Write x° + 4x —5 in the form (x + p)’ + ¢ where p and ¢ are integers.

(1)
(b) Hence use a standard integral from the formula book to find 8
5
Jmase 3
X' +4x -5 =__°|
m
@) =
(c) Determine the mean value of the function g
o
f(x) = S S 3<x<13 E
: Vx® +4x -5 SN 2
giving your answer in the form AInB where 4 and B are constants in
simplest form.
3)
(a) complete the sguare for given quadratic g
=
Xlilux-§=(x+2)?-22-§ S
- 2
= (x+2)* -9 s
=
“P2,4=-9 ;
(b) part (a) hints at the use of integration by completing the square for z
part (b) %
( 4 E
(x+2)*-9 x
looking for a general form
for above ia the formula book
|
— - X
Lsee ( xl-q? dax = afCOSHC—q)
:.suLstifuting What's givea o us into S
the formula S
X—=aX+2 =
and a*=4q =
a =3 2
f—'- dx = arcosh(-x—*—z) =
(x+2)*-32 3 Z
. . >
o if uant to evaluate using E

.|.ormv\l a for arcoshx

=ln (x+2 + .‘(:ci-l)z—?) )
— R O 0 T u=
P 7 2 7 9 4 A 0 4 2 8
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Question 2 continued

(c) (ememloen'nj formula for mean valut of a fuaction

mean value : —f $(x) dx

sulnlamg in a's3 ‘b'=13
Sl
13- 5 XitYyx-y

o j [FoTr=tae
wsing evaluated inthe Limits
-'6 § [arcosl-.('i,:_z) - arcosh _,;_z)]]
,¢° %qrcosh(y)-arcosk(%\f
using arcoshx formula (formula book)
T',;,%ln(ls'i'ﬁré)- trn(s +01¢)

\Asmg quotient log lav:
V% (.;-J—t)

\D s—"_J’G

__ ln( |s+6r

(Total for Question 2 is 6 marks)

5
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Year 1 Complex numbers - converting a+bi into mod-arg form; complex number division &
Year 1 Argand diagrams - complex number division and complex loci

3. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.
z, =-4+4
(a) Express z, in the form r(cos@ +isin®), where reR, >0 and 0 <0 <27
(2)
170 . . 17x
z,= 3(c0s¥ + 1sm?j
(b) Determine in the form a + ib, where @ and b are exact real numbers,
(i =
Z2
(2)
(i) (=)’
(2)
(¢) Show on a single Argand diagram
(i) the complex numbers z,, z, and j—l
2
(i) the region defined by {z eC:|z-z |@ — Zz|}
“4)
(a) currently 2, qiven in ‘a+bi' form -to qet in mod-arg form means
need to find ry,= 12,1 and
mod | 2,1 = -u)2s (4)
=[5 = iz
= qE
and
-fotlowing genecal formula for O 60
) o)
- *‘n-l(_:‘;, @G)G:—G
= tan~" (1)
= Ty 9 el
And Jind the riqht cocresponding angle ® e IRels)
to the point (-u)u) on the Argand diagram ® ®
(ia ) =
6
N 0 A A S
P 7 2 7 9 4 A 0 6 2 8
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Question 3 continued

(b) METHOD |:dividing in mod-arq and converting AN'S to atbe
remembermg the formula. for dividing complex numbers expressed ‘1 mod-

qﬁ(cos(3“/q)+isia(-'-’{-"n

(or if dida't simplify the Surd:

$22 (cos () isin (3£ ))

acq form : —;“ '(cos(e, e.).us.q(e, ez)) [divide mod. subtract

uSing 2, from (a) and given 2,

o

a+b(

(LOS( -!%C‘).l.isif\( - \?-;_r))

4B (cos(-4) v isin(-28)

cos(- 7'”)--'/
sm( "’)-'5

< ;rﬁ.( Y +i(- r,)

\)

22 4 (-2%)

3
-2k —i2f¢
3

expand
202, ,;(25_(-_]'3))
3 3
3

3

]

METHOD 2: Can divide in exponential form to thea convert ansuer to "“‘d'“’j
and finally to A 4hbi form

O =

consider

consider 2,3 (cos(n")uSm(l?ﬂ) in exponential form: re

in_exponeatial fotm : re

AR, T 4R e"“/‘f

13

L 215 3eTa

P 7 2 7 9 4 A 0 7 2 8
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Question 3 continued
-’-“\Si"‘] -formula for oliw'ding exponentials : T’:! ei(e"e‘\
2
- 4fa (30 -12)
2_ O — e 4 (k5
2 3
= 4§32 Qi('z“/ﬂ
3

L heed in atbc form =~ first into mod-arg ~r(cos@ +isind)

H "l_?; ((os('%ﬂ) +i$in(‘z—3")J

Cos(-%') = "'/2

Sin (‘2.35) : -r%

Subbint] into above
SYR(_1y i (-R
L2 (-t i)

expand
T2 (2Bx02)
3 3

= 2l _afe
3 3

METHOD 3: ‘rationalising'the quotient of the Lo complex numbers in
a+bi form i-@ multiplying complex number in the deaominator by is

(omplex ¢on M9 ate

want to divide both in atbi form .need to convert 2, (givea in mod-

acg ‘-orm) into a+bi form

P 7 2 7 9 4 A 0 8 2 8

OmC .
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Subbing into mod-ara
s (-1, [ 5-R
2 5( — +t( 2_‘_“\)

using cosO even -fw\tl'iw\ : COS(9|=COS(‘6)
and sind odd fwnction : sin(0)=-sin(6)
2-%\ _; /545
3 g ) ‘(ZT)
2-06\ ./2+%
L x(557)4i(255)

3((‘.‘7)' (“ ) (rz J’eﬂ(ml'e))

numerator:

(- '-H-‘-ul("2 "zu(r*rz))

Rxpand brackets

_u.y(ﬁ J-C) +(- ml(ri-ﬂ) + Y (\ﬁ. J-).‘H/z(f';f{_)

\LSlﬂﬁ (= J:l_ T)it=-|
= =(f2-8) - i (JT+JE) +i (Z-06) — (7 +{C)
expand
-_-_E +ﬁ-.‘J-/z-/-ifa + VJ’{ —ifZ-fZ_-JZ
=-22-206¢
denominator:

(B8 () (15

4 [(ﬁ—-Jesz?:E J'HE -Je W f' +f6\/ /2 +I]
J(EF) #i(BB) ) i J-i¢(
_3[f J_C (f-J' fi-lfé) JE+I' ]
- .SL _%ZQ:“?::;J/%M calc
- E]

- 3(]] _—:-ZE—Z,_([.
=3




tii) (2,y4 - oM nrr) ‘e l-)n) 4
( 2) 3 (COS(_'E +L5(r1(_|i )
METHOD I:applying D€ Moivre's theoiem to mod-arg form of 2,
givea as 2, : Z(cos('il’;’-')“-”,l l?n»
QPPljm’ De MoiVIQS theorem : 2%=r" ((0Sn9+iSfﬂf\9)
=) 3"((05(9()( na) Hs,,,(}rx Hrr))

%) 81 (cos ('335') HSm('%”))

=) 21 (% - ((B4))
7) (Zz)q ) 8l_gfzg
2 2 .
METHOD 2 °apply DMT o 2, in exporential form :re‘®

from part (i) (1940
ol ((n0)
INing DMT : 3= N ta
> appiying (z Jus zq (03]
=8 e'(m/‘)

but need thisin atbi form,
S0 4irst into modwxra

= €1 cos( 1) wisin( 3¢ )

s(3)
Sin ( '?{'] :-E/z

81 (=)

expand
= & - gl
2 2

METHOD 3: binomial expansion in a+\a£-fow\.
use arb( torm of 2, from partl:)

2,T 3 (J—Z'Jz) (.Fz *JZ)
and attemphing to take all to the power of Y

(2)'=3 ((J’ -J¢ ) J‘z+fé)



(24)*= Ql(r"\r .r2+r6))

us.ng Binomiq( expanswn ©
Pasca(s trian l(

= r)((’i‘*"))w(”zf) L)) e (S )
ey e (5 () () By

..expo-nd separotely:

o (ZE). (F-k)"_ (fi-re)"
T 4" 256
(J’-J') = (R-) (13-
(i2-J6)? ‘2 21/2+6
- ..L', 3
= (ﬁ'“)"-‘(g-uﬁ)(z-um

expand

=64-64f3 +16(3)

=ll2-¢43
(ﬁ J?) _ V2 -64f3

\ s 256 =6

- 145
"’
(r"r‘J g )(:: I3k

Ty €4
BINOMIAL EX PANSION

(-1 <l + 3 (RY(-6) + 3(72)(-1e) o(-f2)?

£

l

.c
\.—0\

2 205 +3(2)(-fe) +
||323|| collect like +¢(fms 35(6) -6k
.zOJ' 126
#[216) . 2 Iz
( - ) _‘HOFZGH'Z_G‘ sf'lesf

® (-i(2LR))'. ) =i (22%)



(f2-55)" =8-ufi (prev)

3

© (<547 cap (225

(2 +) = (R + 2 + ()
T2+6+2%x3

= 8+4f3
( (E.Jé)) 8*#!'

sy z 2253

4%

(R
I

:..(2%1")

(114)* - BINOMIAL EXPANSION

ryeI(R) 43 (R)'(R) «3(R)(R) ()
1331 =202+6J6+18S2 +6f¢
220012 +12/6

® (EfE)’, 4
Y
GO ir M) (G
(Gef)¥=((Gerp)®  *°°
* (t8+453))*
*(8+413)(8+45)
Z64+64S3+ 48
= 112+64f3
() e gau

256 16



Subbin3 all into Bindmial expansion :

0] @
8\)‘_(? Hf')f,_‘(rf 3¢ +6 (“-2—’?\/*‘*(
.;.7+'-rf5]

nou expanding Srom above :

©: yfss2- 3I'>( J'i+J’c) @ ¢( (Z-JE)( 24!3)) @L,. ﬁ.-JZ)( (ﬂinﬂ

==3 . 3
- sk, 51 SN
-(-irs)(
Subbin l:
gl [4-#ﬁ (z+r3)t-3/e (uli)”(:;wﬁ)]
...real:
-4B, 143 _3 (b)) (2 )
16 16 Tig .
s14-6_¢g ny -J3/.
1€ (6 '2
|( )
-85
z 2

(<) rememBErmg how on an Argand ohqsmm complex numbers of form
o.+bi are mapped uith Cartesian coordinates (a,4]

\

e (5R)

and 2, 22 K —yevaluate surds as decimals (on calc)to make
3 3 easier to plot§
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Im\(i. )
Question 3 continued
— Re(z)
3,7 3(=fi(BF)

(i1) noticfng how region given in form:

uhick represeats the perpeadicular bisector betueen theébuo points
and 2z=( 3&:1’6 -J¢

1 (2) 9 v 4
e - ‘50 we know th @ shape-need
A g 10 gee ¢f dashed or solid-
- ‘2"~ dashed
y —Re(2)
23

‘a0 vhich side to SHAOE -one closest to 2z (<)
‘m(z]
t .
Q\\‘/ -
L7

W<
L\ —) Re(2)
W\

(Total for Question 3 is 10 marks)
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Year 1 Proof by induction - matrices

4. Prove by induction that for ne N

(1 —2}” _(1 —2nj 2
0 1 0 1 §
&) s
=
(a) Proving by mathematita| induction (nvolves proving a conjecture 1s true far | =
all nép T
74
step I:base case >
prove true for n=| m
w:(' -))\ " “\ -2()
0 )
(o
= (I =2
(o | e -2
(4] | G
o
LHS :rRKHS =-true for n=| z
—|
=
Step 1 :a.ssumption case 2
assume truefor n:ck ;
o | o | %
Step 3 ‘induclion step m
prove tye {or n= l!-lrl i
S
c |
| SAYA -2)
o | o |
o
wsing manual madtrix mqlhpl,-catmn dque to unknown ‘k' 2
Ly"fous into columas =l let product matrix be (Au..) Alv,u)g
..yor A A, i
U)(n-zklo) 5
=1 ( ) 2
i »,
.. .for : =
>
= 1(-2)+ [F2k) m
==2=2k
Of )b -2 yent to make look Like :.fad:o!ise-l out

= —2(k+0) ( \

— R 000 O A
OmC .
Pp 7 2 7 9 4 A 0 1 0 2 8



DO NOTWRITE IN-THIS AREA DO NOT WRITE IN-THIS AREA

DO NOT WRITE IN-THIS AREA

Question 4 continued
for Ay’
(1)(0) + (0)(1)
=0 ( )
"'for A(zg) E
(0)¢-2) +1N=1 ( )

~drae {or n=ki|
Q':ep 4 : conclusion

Stnee tvue for n=l, if Arue for nzk and true for n=k+/ then true
for all n &N

(Total for Question 4 is 5 marks)
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Year 1 Vectors - finding point of intersection between line and plane; reflection of vector line; point of
intersection between two planes & Year 1 Matrices- systems of linear equations

x+5 y+4 z-3

1 -3 5

5. The line"/ has equation

The plane 7, has equation 2x + 3y —2z=6

(a) Find the point of intersection of / and 17,
(2)

The line /) is the reflection of the line /, in the plane 17,
(b) Show that a vector equation for the line 7, is
-7 10

r=| 2|+u|l6
-7 2

where 4 is a scalar parameter.
3)
The plane /7, contains the line /, and the line /,

(c) Determine a vector equation for the line of intersection of /7, and /1,

(2)
1
The plane II, has equation r.| 1 | =b where a and b are constants.

a

Given that the planes /7, II, and [I, form a sheaf,

(d) determine the value of a and the value of b.

&)

(a)notice how both the cquation of the line(L,) and equation of the plane
() given (n Cartesian form
MEMBO |:Subbing £, parametric form iato M, cartesian + solve {or N
if W convert Cartesian eguo{iOri 04 line to vector pa rametric form
r=0+2b -can qer geneml expression for the ‘xc'(y', 22* coordinates
that can then . 4o find
paramaier Which uill tahe us €o o specific point o intersection

taking Cartesian general equation
- X '-'a"" )b'
L0 2Y=9 - 2-93 -9 where r=(‘{)f“z+'o\bz
Ll by 53 aylﬁbs
and Subbing 1A iaformation from question
= = =

R 0 U0 A =
Pp 7 2 7 9 4 A 0 1 2 2 8
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Question 5 continued

... pasition vectors: .dwreetion vectors:
-a,=% b, <!
<lq =-§ b, =-3
-6,z Y4 h3=§
=) 4=~k
-a@qz=-3
<) ag=3

~f,= l-5)+7(('13)

cne ral coordinate :
) (S-l-’;\ )
4 -1

... §orm lmear equations:

S =-4-32
= 3459
and Subbing these into Cartesian equation of \Eo get 2
1,52 5+%) 4#3(-4-3%) - 2(3+52)<6
expond out
-_(0422-12-9%-6-102A =6
taking )5 to LKS ) inteqers to RAS

=2 (2-94-10) =[0412+6+6

= - =34
__nl?-a s
=HA=-2

subbing parameter into general coordinate

X s +(-2)
( ) 3 453((-11’))

- (.qt ) s p-0.{ ‘(-?-,2.'7‘)

METHOD 2+ preferced considering REFLECTION in part (LH
converting plane into ¢-n =p and Cubbing gengral @quation of £, into ‘r'
ko qet A
M, in Cartesion equation: nxtn,y +n,2=p -but need in. scalar form
r-nzp -Subbing in M, in question deduce that:

and P=6 -
@ _in scalar form : - (_31)26

13
o R 0 U0 0 A Turn over
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Question 5 continued
now subbing in genesal vector parametric form of €, (Cartesian = vector parametry;

AQ%Q{:C pOSi{iOI\ vectors (l\vm(lﬂfﬂ )dl\d hQQP deqomic\qéor as d."Q(fl'Ol\ VQ(*“
= (=%, -
L= ()2
~qenera| coordinale
Lo=r =("+-3)3
sub into 1 in scalar form -
-S4 2
() (3)-
3 +8% 2
ond. dot product (sum of products of atl corresponding elements)
2(=5an) 43(=U-30 ) 4 (-2)(3+52) =€
expand
-10+22-12-9%-€-102=6
collect like termg
A(2-9-10] 2 10+1246+¢
=) -132=34
-y =y .
=) A=-2 AASubbing ‘' into geneml. vector parametiic
of 4,
bizrs :ft(s‘(l.'z)) r(-z:’) rpoiz(-3,2-%
3 +5(-2) >
METHOD 2 : cubstitution £, equation in terms of “x' uhich can then sub into
(T,_to Solve Stmultaaeously
let ('5]) =p.0. )
. : 2 ite ‘1" and ‘2" (n terms
using Cartesian equation of &y to unte "y
of ‘x' uhich sub into T, Cartesian tO 9ot "X
x=x -0
X5 _ g+
=3 '
¢r0Ss multiply and rearrange to make ‘y the
Subject
-3(x+S)=Y+Y
=) Y =-3x-11 -

X4S= z-3
‘ .
cross mue{-'pl,, and rearrang ¢ to make ‘2" swbject

R 000 O A =
P 7 2 7 9 4 A 0 1 4 2 8

14

YIHV SIHLNIZ1LIHM LON Od V3YY SIHLNIILIHM 1ON Od

Y3dY SIHLNEILIIM LON Od



s(x+s) = 2-3

=) 2=S5x+28 @
Subbing these equations for c',’y' and ‘2" into plane m,

2 () +3(-3x-19) -2 (5 +28) 6
expand
2x-9x-S}-10x-S6=6
take x's to RHS
-S3}-56-6=x(10+9)
=)19x=-199
L -9
X =-3
for 14’ substitute X inlo @
9y=-3(-3)-11
for ‘2' S'Mis(l'{wl-c in X:-3 into @
2=5(-3)+28
=-35+28
z-3
P-0.i = (-3,2,~-%)
(b ) question is asking Us 0 reflect [ine £, utth vector perametric equation
uwith f=(:s':)+ P (-;}3 (n the plane M, gibh cartesian equaton Lx +34y-22 :€ /5“(‘"

form .-.(.gz =€ (from METHOD 2 (a))

L key here aluays isto find that would
é and thenform a vector parametric equation from these
> T tuo points _
Lione of the -the p.o.0 between &, and  ( ) -+rom
(Q‘ opl of°
vould be the reflection of a siagle known point on 0. -nere it's position vector SO
(255;)_{krougk the plane M to get on
[ 40 do £his can do:-
[

UAY |: using vector equation of ling perpendicular £o plane
“ftading vector pﬂfdmefﬂ:C Qquation ot (ine perpendicular
(:s; to plane through the point (:;;) in form ?,ﬂ.brdire..ﬁoq
POsition
L kneu that direction vector perpendicular to direction vector of plane by definition
nould be equal to +the to plane -
and. position vector -.-(:5')

4
3

;. equation PefPe"‘““'““r:(:;‘;)% (-;;.)
-5 +2¢ )

r=\-4+3¢
3-2¢



-next need ‘t' vhere equation in scalar form:rn=p
subbing ‘r'

35 ()

dot product
2(-S+28)43(-4 +31) -2(3-2¢) =6
=)-10+Yt-1249t-644: =6
collect Like terms
2t(4+9+4y)=64+10 +1246
-‘-';'}H-G =34 23
=V ¢=2 t=2 is where the equation meefs plane 2need a further

o

( 2, 2unils to qet On
‘M::“‘(——% )é:‘f / must be where =y

=2 - ~Subbing this parameter (ate the perpendiculer
qene/al fjormulq
r= (—nz(q) )

-4 +3(4)
3 -2(y)

‘-(é)
-f .
LS

WAY 2:usina tuice the per pendicular distaace from the Pomt (::;) to plane T and
: 9 A

doubling it te qef on
) usfng equation in the formula book :

Ql Pelp.diSfQﬂ(f 0{ (s 'h.,OH"I,B'Hl,Y/

d=0 —_— 3
(M|B\X] $tem nX$N, YN+ = .
\ NN AN Y '\\(]' vhere lo('ﬂ‘Y':(,S"-l"S) and }(’H’ -l-(n,)t«l-[q’)
'

“) - ()
d - lzl—s) "'3(""")‘2—(3)"’ | I‘SLI” %q *"‘g
TR GG i {7y +

ration alise
¢ = 34l
&4
. . s)d=203
heace ve knou that the on I (S 2d=4JT3 vnits auay {rom (:3.-‘)
‘using normal of a plane: 2
2k
3k l %)z
-2R

JRY +(3R)H (20) = 4IT?
typand iaside root:

JGkt+ i+ g =u i3




313k = 4J13

Square bo th sides
=) k=272
< 1#F <13
=) k" =|6
Dk =4
k=Y
WSinq equation perpendicular thrsugh ("S,-l-“%) a5 position vector and
direction vector normal to plane
Csf =Sk
(-‘-H-%t)
3-2%
Sub in k=4

= [=S*2(4%])
f ("‘f +3(y)

3-2(4
32(1

= (—853

-— 0@ - —— — — e T e, = e -

—— — - Ny  — -— 2o ———

FINALLY once we've got ¢he on /,-can form vector equation:
r=aq+2A

(-} ”
let A_(_z’_)dnd é (-25"3 s \ .} . .
could take any as /0 but ¢n shoy that this cS(.‘,_) and for direction
vectorr :KB:(%S)—(;;)

(%)

(YMETHOD | : wsing line of mirror pOints from (b) = OVICKEST +be ot method

ko {il\i vector equation r= a4%b of line of intersection - aed to find tuo
and vecter through them

Lisee hou ¢S common {0 boﬂ\ , and n‘z( )
S0 thal's one pdint . o |
Lifor -can wSe the perpendicularfine equation (that joinag mirror
Lines)- -S+2t
-4 4C¢
3-2¢

but Urite £=2 {:om(”

(Fe@) <)
3-2(22

= call A=(‘Z> and B= -')

THERWEL

—N



aad fake ‘a' s anyofAorB
= = -?) rs 6
r (-z’.l (2,)
oy -
(7)+s(s)
METHOO 2:using Cartesian equations

gemraug {or equatfion o f (ine of intersection between 2 planes-need

and vector through ¢ hem
-can find these ¢through using Cartesian equation of 1, and

(T, : 2x+3~j-22 =6 (9iven\
4'mding Cartesian equation nX4NY +n,2 =d need to find NORMAL of
and ‘d' for a:n=zp '
‘tontains £,aad @, ~normal aust be perpenditular to ‘b, and ‘b,'
let

.TW Sing fact that for vector to be perpeadiculur 40 another
o.b=0

.--{g:r (o.i'

(3)-(2)=x-3y+ 5270 @

- fOr by

). H $22=0 ~
(;1) ( ) (O3 +6 y )]
let 2 =1
x-34y=-8 -®
lox -l-Cr -2 -®
solve these simu(taneously (CALCequ-Solver or by elimination} -

Ox2 2)xx—64=-10
10x +6Yy~ -2
-—-\

2x =-(12
=1

|
=2
=) X=-|
and sub into ®
-[-3y=-%
3V 3y=h.,
<3 :’:'4/3
) '3
nou that we've qot normal,seed = '
Lfrom a-n=p
uhere ‘a'eqg. (‘_;;) as lits on both 7 and

(_z;)( ) =2(+g-2

=8



now get Cartesian equation of

m, - 2x +33-7.2-6

now need to find the through
T, and
Le{' Z:O
2x+34:=6 -0
-3x+4y-8-Q@ .
Solve for /x' o7 ’y' -equation solver or by elimination
Oxu €xyil2g=2y

®x3 - qx +i24:2¢
1#x =0
= =0

sub into © ) x

2(0)4'33‘6

-L% -C

=y j‘Z

let 2:'
2x+349=8 -0
3x+4y=S -@
Solve for ’x' or 'j‘ -equ.Solver or by elimination

@xy _Ex+12y:32

-qQx *124= 15
I‘}x='?
=1X =/

Sub into ®
2(1)+3y=8
.z -, 33 ’6 43

S) g =2

F'II;I.A LLy call girst poinl' A and second B
A=(g) &=(3)-(3)
8<(3) =($

“\ine of intersection :

0 /
(2)+s(s)
t N2 =d where perpendicular 20 b and b, :.cr055 produtt



fext to find “d": a-n =d

p-0.¢ {fom(a)
-7 3
( 2 )(:g) =-2|-8+2|
:.Cartesian (T
3x-‘4~j-32 =-8
T,:2x43y-22:26
My * 3x - Yy-33=-%
now for tne equation of altine: a+2b
for 'b' :cross product

3 3'«3-3) :[ lg]"’ :((',)
2 3 -2 17 I
and for ‘a’-need betueen both 1, and 1, :
let 2=0 ‘
2x+3y=6 -
3-(-‘-(:,3 ="8@@
equ-solve r or by elimination:
Oxy gx-129=24
@x3 9x- |2Ji-z‘-f

I1#x =0

——

=)Xz:0

Sub iato (1)

"5\:":6 Y
=) y=2

“Sine ( 3) (3}
(d)planes form a ~from 30 MATRICES means have a line of (atersection

con S(S*rn? 0“ L "'\ahj POints -s:,stem o"_ e%uq‘e(’oas cons;sient uith oo many
solutiong

.
-
.

METHOD I . \tsing ((, ‘.e .‘.a({s Gﬂd. SCGLQr{brm
Bi de{-i'\“:iOﬂ, line (-rom () CGn{ergecﬁofi 0"' m, and
MUST L(E in the plane) S0 using fact that 1, given
tn Su(lor form r-nzp as must be perpeadicular
to ( ?\ from (c) i.e got P/oduct =0

("})(i) =1+0+a:0 =) at/=0




hou giveq 7a’ coan find Ib'using a‘b=n,where’q! can ke (-;4 ) as Ges on all three
- I
planes (3)'(,’ Ne-pe24%
~3 ] cbe2
heace, az-]bs2

METHOD 2:usina sim.ceuations then consisteacy
© found using METHOD 2 part (c) that Cartesion equation o4 (s:
this rem(nd s us of 'SOLvir\g linear equation’ usSing 3D ma trices
«(f converted all thiee s into Cartesian-can use COnsistency and
Stmultaneous equations to qet ‘@’ and ‘b
M, =2x434-23=6
M, into Cartesian :NR4NY+y2=d uSing and ‘d':b
my=a+ytar=b
bR cause these are consistent; means have o many
~vearrange [Ty o make ‘X' the subect
=V xs b-y-a32
and sub i'\?o m,
2(b-y-ax) +34y-22:6
€xpand
2b-24y-2a2+3y-22 ¢
tollect (tke teims

y-(2a+2) 2= 6-2b -®
Sub into

3(b-y-ax)-4%4-32=-8
éxpand
3b-24y-3a2-L4y-32--3
collect like terms
-1 ‘2(3“33:-8'%’
x = =
Fy+(3a43)2-23548
r-consistency Suggests multiply ® by ?
¥y-H2a+2)2 = 3(6-2b)
2) Fy-2(2a42)2 = Y42-14b
nov Can (ompare -
c 2t
3ay3=-l4q- Y
=] 13a=-1%
LY =3
=)a=-
. m{:eg erss:
42-1yp=36+8

=) 1#b =3y
2y i
<) b=2

S A-‘-l.bfZ

solutions
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Question 5 continued

METHOO 3:{ivst finding normal £0 7, nsing vector product of the direction
of £, ond directisa of
L[y R -36
to /1, : (;."3 r\;(qz)
jo 62° "136
aow {indieq the determinant of the matrix of normal vectors (.e using

h,-’(i)

I
% =( 1)
and usinj fact ¢hat for i, 7,0 to be a 2af, det(Al=0 (infinite colul-(’Ons)
3 -4 3
2 3 —zl =0
| [ <@

=) 3(3q_+2)+'f(2q+2)’3(‘|):0
<) qa+6 +8a+8+3=0
=) Ira =13
az=-|
then {ind “b' usinq r-n=b

(‘_5’;).(_/',) b

=j-¥+2+3=b
b2
.'.Q'-""'bgz

(Total for Question 5 is 12 marks)
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= Year 2 Modelling with differential equations - forming and solving first order differential equations &
Year 2 Calculus - differentiating inverse trig functions

6. Water is flowing into and out of a large tank.
Initially the tank contains 10 litres of water.

The rate of flow of the water is modelled so that

» there are J litres of water in the tank at time ¢ minutes after the water begins to flow

X j litres per minute

» water enters the tank at a rate of (3 — "
+e

» water leaves the tank at a rate proportional to the volume of water remaining in
the tank

Given that when 7= 0 the volume of water in the tank is decreasing at a rate of 3 litres
per minute, use the model to

(a) show that the volume of water in the tank at time ¢ satisfies

dv 4
—=3- — 04V
dt 1+e™
3)
. d 0.4
(b) Determine E(arctan %)
(2)
Hence, by solving the differential equation from part (a),
(c) determine an equation for the volume of water in the tank at time z.
Give your answer in simplest form as V' = f(¢)
(6)
After 10 minutes, the volume of water in the tank Waé 8 litre?
=
(d) Evaluate the model in light of this information.
(1)

\A__ R A i F = Y B
(Q)J-oll)ging 4he wsual format &{gmuhilnq l1op.€s I

nd T AL
rate of uater out = “ proportional to Water remaining
=-kV

- av =rate (n-rate out

at
VY

now Plussiﬂs in (nitio| condit(ONS :vhen {'=O,V=lo‘ %\_".__3
y
33 Ty |0k
evaluate ¢°
=} -3=-3- igl-i =(ok
=) =3 =3-2-10k

16

— MR 0 000 A
Om_m
Pp 7 2 7 9 4 A 0 1 6 2 8

YISV SIHL NI 3LIM LON-OQ Y34V SIHL NI 3LIIM 1ON Od

V3dY SIHLNEILIIM LON Od



DO NOTWRITE IN-THIS AREA DO NOT WRITE IN-THIS AREA

DO NOT WRITE IN-THIS AREA

Question 6 continued
. I0R=6-2
(Ok= |-l
~l0 R = % &
o s
=2 =0.%

Sub back m&o inttaal JV
‘v =3- os*— -0. ‘f\l

(b JMETHOO I:chain rule using formula book
given in {-ofmula book that £ (arctanx) =72

“gmg us g ‘l\um! d (ekl" ke“f
du-0ue
3 |
(qrctan(c")) R TY Ol s 0. ‘le
- HeouxO"fQo 1*
=0 Lfe OR it 7_e° ' K
[ +e°“' c?{-mcﬁon (1™

METHOD 2:implicit du‘f{erenl-\ahon
let y=accton (g4¢)
tckm3 Ean of beth sides
tany= kan.(l:u '(®*))
- 0.4¢
=) {‘an 4

differeatiate tmpl.m{-lj uswj “(fﬂnj\ SP()] and £ d ( kl‘) ke""
sec j_‘l 0.4>"

TSecly sect q
<) ij— - o"'feo"“'
¥ sec‘g _ o4t
but need Sec’y in terms of t' nuant to use tany=¢

Can wse identity: sec?y = 4tan’y
secly= |+(e°"")

= [+e°8
S\-lbln'n’ into deaominator
.-. QI - O.'-|-Q° “f 0 Z(e

&7 st O s

17
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Question 6 continued

(c\q,uesfion iS asking us fo solve €his 10.D.F in part (a)
% =3- li;eo.g{-—o.'-lv

rearrange (¢ so tn form:

d =

a_‘ix-l-l’g Q

dv . &
E+o.'-|\l 3 17003t

Straight aunay cae see that we canact solve this 1 0.D.F by
as iavolves addition/subtraction rather than {he product of 2
variables aad %‘
-nexé see i con use
...consider LUS:

d . dv
EN\ =(v):=8Y v
v o gy
= cTe(l)#‘ﬁ-‘-i .ok reverse pfoduct rule

;. Only Nay S tkrough iniroducin] dn inteqration factor .
| & 0.

o-ft 4y

maltiplying through by e v
d.(v)= {3
(1Y d-v ‘/‘g—\dt(v)o.'ﬂ:(B _ b4 b)

+ 0" 0wV =e well

: I +e

g 0.6
nov can check if reverse product rule (above)

<CAN renrite equation as derivative of product of P anav

i (eo'ut\/) 3 eo.ué_ "Qo.qe
dt 1108t

integrating beth cides and SoM'ng for vV

VQ.o'“t:f ('.’)eo'%— ‘Leiw ) 4t

| +2%¢

X - o.4¢ T
=) \/Q.osr -fl3e - 10 ,‘(O-'-te" )dt

—

l_‘e6-3t
recoqnising ansuer £o (k) k e
;‘.(qrc I,-aq(eoH )) = 0_'13 gt
dt feO.
D.ll-eo""’

— = arckan (e9-4t) +¢

18
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Question 6 continued
0.4t _ 3 oyt

GS: \le < 04 ~ [Qarctan (e_° “t) ¢
0.
veX e Lie? M€ _10atctan(e® ) +c

nou to represent a pacticular colution need to gub in
initial cOnddeons
at ¢=0,V=0

|Oe°-Ee -10 arctan(e® +¢
lo = "- T

s
Fefasc
=)C= S(l+n]
2
. 46
syedtt s ng_-eo ' -qurc{:ar\(eo"'"}+ S'( lizﬂ)
- eO.'-H.'
r 1o o.Y4¢
VR - Bt acuam( 4 )+ -{(ézﬁi\

VEILY.! (oq leus on deaOminators

-0.4t
v = lr 10e ***arctan (® '”) +Z(rane

(d) subh in £=10 into above expression for V:

V=%.5-10¢ > “"“Sacctan (e241)) + 2.5 (T+1)e
on Calc.
T3 405 219...
uotltinj ount %% erros

3.40529..-8 » (00
?
=Imodel predicts 343..% below actual value
-model not very acurate

-0.4(10)

(Total for Question 6 is 12 marks)
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Year 1 Series - using summation formulae for sum of n cubes, constants and natural numbers

7. In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

(a) Explain why, for n e N
2n n
Z(—l)’ f(r) = Z(f(2r) —f2r - 1))
r=1 r=1

for any function f(r).

(2)
(b) Use the standard summation formulae to show that, for n e N
2n
r 2 2
E (21 +2r) = n@2n+ )8R + 4n + 5)
r=1
(6)
(c) Hence evaluate
50
. 2
r((—l)' + 2r)
r=14
4)

(a)when r is even, (-1) =]
whea risodd, 1) =

%(—I)r{-(f) gummation must alternate between +ve and ~
f=|

terns

L

nou the (ntegers from | ko 2n : fi:l(-l)'{-(f\ = O p2) 403 )+4(4) -

canbe split into:
¥evea inteqr/s of the form 27 from 4 O n (added)

% of the form 2r-1 from 4 to n [sustracted)
= $(2) +4Ly) 6. HEC29Y -( )
\_/n\(\-/ \/—\f—
2 t(ar)
re|

20
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Question 7 continued
~reuriten as

é f(2¢) -

(L\zé r((-n +2r) expand brackets
rs|

z é r( (=07 4r(-1)" + 4r2 |
= § (r + 42 (=1) +4r3)
rsi
Splitting ko use stasdard summation formulace :
‘Sum of ‘a*natwal no.s ° Si=|
‘Sum of ‘a' constant temg: ST 2%"(""")

‘Sum o{- Squaes: bry get

‘Sum of cubes: 'L(G\

=\z§': (trr3+rj {-,2':'(%"(4) ) ::é:'(q,z.,.r,.‘.l-rg:(rl(-lj')
(Q.p(ucnt! Hidh (.rm (a)
< 2 (4r3+r] + '-ré ((Zf'l —(Zr’l)z)

expaﬂ"\
= 2 (uhdeq3 (“*' =(4e2 -es)

/3!

(=
%‘ (%r¥¢e)+ é (lcr-‘f)
by +%§r+m2r—%il

L]
=4( 4-‘1(*(1»’(20*'))4-lé(;'_—vL(ZnH))—~tm
VAY I : Slmpl.tf fractions
(zn)l(zaulz tn(2a¢1) +4a(2(as))-1)
expand end bratket
=(20)2 (An+1)? 4n(20+1) +4n(2n+1)
Jactorise n aad 2n+l out
= n(2n+l) [‘-m(zn+|) tl 1-‘_0]

= n(2nH)(8a +Ya r5)

o R 0 U0 O A
Pp 7 2 7 9 4 A 0 2 1 2 8
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Question 7 continued

WAY 2:fackorise n out
n (Un (24+1)2 + 2nt1)+ lagi\ -4
expond brackets
n (qa(qn‘-nm-l) r2n+l+€a 48-4)
n(le n3+16n + 40 +2n+ | +&a+ 8-4)
collect ke £o/ms
n(16n3+16n%¢ (Unt S )

WAY ) :thea ‘Work ing backuard'see (zn-f()Lsn 1bkn+ S‘)
_xpand to \6n° £16n2+14n +S (.€ Eubic
=n(2n+1)(9a 4‘M.-|-S‘)
JAVL:or could've Erced
€n? s Uny S
2n+([[6ad ¢ 16a2 ¢ YN+ S

—16nd+8n°

84 +i4n
~Qnt ¢+ t4a
;
‘Oni' S
~10n t§

L

Qe :
WUAY 3 - by iaspection

(7""‘", (ﬂ'l 'f'bnl'c) ‘61\ 3clnte|un+ S
'\

» ol ...constant :
iy 'Zq=16..-‘,_ 'u+"2b =6 c=5
=)az=g €"+2b =16
1y 2b=8 .,
T) b =4

~n(2n+1)(8n* 4 +S)

(c)lenouing formula for uhen rx |

‘<R =1 rg(

é r(( ) e2r) = ;- r(C-') “var)’

ret l-;uant to use (b)

but znws‘;om a= 1S (nto above

R0 0 O A =
Pp 7 2 7 9 4 A 0 2 2 2 8
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- | Question 7 continued

L 2 e sesteas sl e utare )
(03 +2(3))°

225(SIN. x(25)* +4(25)+ s)
but for § 20 =13 .,

-l I 4

2l =yn = 6.5 put Summqtion relies on n€ IR

let's =2 r(-0"#2¢) and o furthes 13 Lorm:
: =13 ((-1%+2013))

- (3

(Total for Question 7 is 12 marks)
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Year 1 Matrices - forming and solving linear systems of equations

8. A colony of small mammals is being studied.
In the study, the mammals are divided into 3 categories

N (newborns) | 0 to less than 1 month old
J (juveniles) 1 to 3 months old

B (breeders) over 3 months old

(a) State one limitation of the model regarding the division into these categories.

A model for the population of the colony is given by the matrix equation
N, ., 0 0 2 \(N,
J.,|=|la b 0 | J,
B 0 048 0.96) B,

where a and b are constants, and N , J and B are the respective numbers of the
mammals in each category n months after the start of the study.

At the start of the study the colony has breeders only, with no newborns or juveniles.
According to the model, after 2 months the number of newborns is 48 and the number
of juvenilesis40

(b) (i) Determine the number of mammals in the colony at the start of the study.

(i1)) Show that a = 0.8

(c) Determine, in terms of b,
o o0 2
0.8 b 0
0 048 0.96

Given that the model predicts approximately 1015 mammals in total at the start of a
particular month, and approximately 596 newborns, 464 juveniles and 437 breeders at
the start of the next month, —

(d) determine the value of b, giving your answer to 2 decimal places.

It is decided to maaitor the number of newborn males and females as a part of the study.
Assuming that f newborns a

(e) refine the matrix equation for the model to reflect this information, giving a reason
for your answer.
(There is no need to estimate any unknown values for the refined model, but any
known values should be made clear.)

24
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Question 8 continued

(a)..possible reasons:
"] moath S tov old for a ‘neubdrn’
mammals may not start breeding at exactl] 3 months old
: be-i'uj 73maths old doesn't necessasily mean can breed
' Some juveniles may be bLreeders

(b)(ilmETHOD | tusing aiven matrix egua{im for Lmonth, ThEn 2
Let no.of mammals at stast =X

(2:)2)

but here givea matrix equation for ‘n'months after ctart +Subbing n=0 into
equation get One for 1 month ajter stort study

N, 002 No
(-3" =(Q b O To
g, 0 048046/ \ Gy

0 0 2 0
=fa b O (0]
O 0.48 0.96 X

evaluate this usiaq matrix multiplication “rows inéo col,umns"

let prod uct matrix be (“u.d
A\
Al
...for A(,‘l\: ..for Al!gi, : ..-{-Df A(;,d 5>
(0)(0) + O+2x a (o) +b(0) 0 0 + (0.ug)0) + 0.96x
=25 0 =0.96x

2
(D )
(0.46 %

but we onlsj have ia{ormaiior\ on M0.0of months alter 2 months
-~ Sulnb(ng az=| inte ye(tor gquation

(5)=(3.3 35
0O O % 2y
- [\
(8 o.‘:ﬂe o.q()(o.%x\

e\lt\l\\ﬂ.ﬂng matrix muu:iplitai:(of\ “reus into columns"
A®)

let prodwt matrix= ’k“‘°£s
[4Y]
cofor ACrV:0(2x)4 O(0Y +2(0.96x)
=[.92x«

R 0 U0 AR A =
P 7 2 7 9 4 A 0 2 6 2 8
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Question 8 continued ... fOf Au”) . Q(zx, tb(0)+0 (0 .9 6x)
T lax
for A(3,1). o(2x)+9(0.ug) +0.96 (0.962)
£0.92r
and equading to infe from question—newborns
l;,iqqzzx : q—.’-gl.QZ
x <=2¢
~2S mammals
METHOD 2: qual(v\g matrix for montA 2

Nz) (0 02 o : 2 l:_o-.'o
3 = L o »( o 0 )( ofo)
32 8’ 0.8 O0.16 0 0480.96/\ fo=Xx

= [o+040 0+0+2(0.48! O+0+ 2(046)
0+abs0 0+b%+0 20 +0+0
0+0-4gq+0 0+40.4¢h o + 04 (046l°

+(0.96)(0.4¢
=([ O 0.96 .92
ab b* 2a >
0.48a 0-48as0-4Coz ©0-9216

Ny O 09¢ 1.92 o
T2 =[ab AT 2aq o )
©2 1 \ouga 0.ugh I\ %
+0.4603 0.9¢
métrix m“l-l-ip(.icQH.Ol\,
_[192x
y ( 2ax )
0.9216%
ond equate 10 question

Ye=|.q2x
192 < 1.9

Xxz=2€
©-2S mammals
(¢¢) now usinj taformation for juvtr\i(m "
2ax =40
22725 =40
=So =50
=)a = 4/s
=0.8

o R 0 0 AR A Turn over
P 7 2 7 9 4 A 0 2 5 2 8
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DONOT WRITE IN-THIS'/AREA

DONOT WRITE IN THIS AREA

Question 8 continued

() find INVERSE of @ 3x3 makvix - MANVALLY due fo unknoun ‘b’ ~fotlowing
steps: -
Let A:( 0 o0 2 )
08 b O
0 o4 0.9
step |:find dex(A)
° oig%qel'o’ O 0.96
: 0 -0 +2(0.384)
=0.7¢8

Lo es

" aeHA) “ce * T

0.8 b
I"’z)o o.u8

step l:.[.lr\d matrix of minors-det.of 2x2 matrix (eft after deleting atl
cou$ and columas corresponding to given olem ¢ ot
M-ZO-qsb 0.2(0.966 ) -0 o.?{o.qg)-o>
_0.96 0(0.9¢) - 2(0) 0(0.4g)-0

0-2b 0-2(0-8) O(b)- 0.8(0)
=f0.9¢b 0.7268 0. ggq)
(-o.qe o 0
-2b -1.6 o]
seep 3: mufn.x of (ofactors— change sign of r—ve!
o 96b -0.768 0.3%4
(a 0.96 O -0
-2b 1.6 0

step Y ttranspose (.e Swtch places Of hiqhh’gl\{-e&

abc\  r, fo.d6b 0.96 -2b
deit) “C %(o36e o b
q ht o3¢4 o0 O

Stop £+ A™ deelA\ T

12§ /7 0.965 046 -2b
36 (-o.%z 0 |.c)

0.284¢ O O

= [).2sb 1.25 -26042b
el | O 2.80333

oy © (®)
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(d\ METHODB [:using vector equation
Subbing ned info tnto matrix equaton

Sq96 b O 2 N -
(hcq)‘-' a b O (:r.A
33 O 0.M2 0.96 8o

N
but given .need (-.r: )
Nox 002 \l/sq¢ B2
T“):°'“°° )(ch)
82 O 0.48 696 y 3%
\N./

4"‘ (.26b (.25 -2.60u2p\ / $96

enl "\ -1 0 2-9033;) qw)

0.§ O, 43? -

-t kei x rulkiplication : “rows (ato columas'! jlet product m atrix Be(Af:::,)

or A Ayl

1.25(b)(596) +1.25(46Y) -2.60426 (433)
=-36G3.034ySpt $€0
-“{or A(;,\):
~1(596¢ +0(4¢u) +433 (2.830333)
=629.0€¢52]
for Atsi): 0-5(596) ro(464) +o(437)

31y. 416

99
( S 80 - 3*13 03shb
249¢

$80-3d3.015b+214.4/66.. +29Q = [0) &
b=-o.4<
METHOD 2 : uces formulations of :m\em() fqvat ons

(et x,9,2= nauboras, juveniles and breeders
using matvix in Cc)

(tfz oE:oo.qe) ()z’(): ( )

Matriix mult(plitation

2 22=596 . -0
z=298
=lo.8x+bﬁ:\16¢, -®
=Jo.Lgy+0.962 3433 @
Sub ¥ (ato t&,{or"j'
O-u8y = ¥33-0.49¢(29¢
=[(5092

-0.4¢
= ?773/”_

—-0.4%
=,Qd



sub 4' into

X+ 323, 298 = jo/s

oy s 483/
s’x 7
and into @ for’b':

0.8( “82/) 14212 5 4o

12
3F Iy o
3 b= 154%

EX
=)b=lo.qs (2 a-p)
(e)aqet
Na 0 02 Nn
(Tnm):(ﬁ bus O )(T’) )
Bn4! 0 0.¢8 0.96/\ B~
hou Splitting nevboras (nto and

N
S +l
° (T:.u ) )
Bn+ Tas

Bn +1
Nn n
dnd (Tr\ ) |
Bn Ta
now man;pulate maia Bn
makax A
-kndw need Gx4
covow )
"the Aci,u/ needs o be the
0 get just
S 0.%Y
rod (.00 0 0.9
c~-fOU 2
noW gimilarly fer A
vith $7° o(.t'z{ oy

*1.16 (to qet females)
...fOy 3°
notice ‘a' but ‘@' Uit into and

roud: 0.42a 0S8a Y O
rou M 0 0 0.4g 0.96

=) ( ) 0 o ©
-“[/o0 o 0
(o- 42 0.85q b O

0 O o0.4% 0.9
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Question 8 continued
_>

0 o 0.84 \ [ NFn

\ >4 A vV n

. [ NMas) [0 o 6 6 \[wnm

NFaqel "'Ig.mm co J| T /

Tat o O ougo049¢/" ®n
 Basr!

(Total for Question 8 is 13 marks)

TOTAL FOR PAPER IS 75 MARKS
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